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Part 1
. . _ 1 _ 7f%dx Inx _ 1
Q1 Use integrating factor method: &) = S =p=e e = <
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Whenx=1,y=3/2thenC=1 So:y - %m

2422+ (-1 = /6 b| = V(27 +42+22 = \24 = 2/6
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iii 1
c=axb =|1 2 -1/ =@ +0+8k) socé¢=—@+k)
-2 4 2 \/—
Q3 .
i T, T, = -|W|j = -mgj
\/V T T, = -|T,|cos(n/4)i +|T,|sin(n/4)j = -| T,|N2i+ |T,|N2]
/4 /3 i Tp=|Ty|cos(n/3)i +|T,[sin(n/3)j = gi + v 39j
N =[N|j
W In equilibrium W + T, +N+T,=0

Resolving in i-direction: -|T,|/2i=giso |T,| =vV2¢
ii Resolving in j-direction: -mgj + |T,|V2j+V3gj+ [N|j=0
Now m just ceases to be in contact with the floor when |[N| = 0 so the minimum value of m
is when |[N| > 0 So: g + Y3g = mg when block just about to lift from floor so m bust be just
bigger than this, ie: m > 1 + V'3, as required.

Q4i B=-|BJi (the force due to one balloon)
B W = |W|i = mgi = gi since m = 1kg
Since we are in equilibrium: B + B+ W =0 =-2|B|i + mgi and so |B| = '2g
@i B and so the force exerted by one balloon is B = -'2gi and the magnitude of the

force of one balloon = '2g
W

il and i ||| R = -c,D?v3
X = Xi
@ Since there is motion: mk =W + B + R
But at terminal velocity X=0 = mgi - V2gi - c,D?V?i
So0: 0 =129 -0.2v2

Vierm )/? = 4952 So the terminal velocity is approx 5ms™ (to 1 s.f.)
(I am grateful to Susan Meeks for her simpler approach to solving this part)

d

Q5 |W H left = -k|eft(x - |0)$ = -k(x - |0)| (9 — I) -

A X B H g = Kogn(d - X - 1)8 = 2k(d - x - Ip)(-i) (8 = i) = 2k(d - x - lpi
< ; 5 rig g

Where x is the equilibrium position of the mass measured from A.




ii Because no motion: H gy + H gy = 0 = -K(X - )i + 2k(d - X - I)i
(x-1)=2(d-x-1,) So3x=2d-1,and so x = 5(2d - |,)
So the equilibrium position measured form the left is I, = ¥5(2d - |,) metres.
iii By Newton’s Second Law since we now have motion: mX = H ¢, + H ;i
So: mXi = -k(x - l,)i + 2k(d - x - ;)i hence mX + 3kx = 2kd - kl,
(I am grateful to Susan Meeks for her corrections here)

3k 2kd - ki, 3k _ 3k 2

X+ =x = = i+—=x="] = Let: o° = % So x(1) = 1, + Bcos(wt) + Csin(wr)
m m m m ¢ m 4

(HB 1 page 33)
Initially at t = 0, displacement, x(0) = "2d and velocity x'(0) =0
So: Yed = l,, + B cos(0) + C Sin(0) and so B = '2d - |, = "4(l, -'2d) and: 0 = -Bwsin(0) +
Cwcos(0) andso C =0
So: x(t) = ¥s(l, -V2d)cos(wt) and so the amplitude is "4(1, -Y2d).

Q6 Matrix reduces to:{1 -1 -2| 1| This has a unique solution which is: x; = -2;
0 -1 -4|6 X, = 2
0 0 -6/12 X, = 1

Q7 Eigenvalues are +2 and -2, hence Unstable Saddle. Corresponding eigenvectors are
[1,1] and [-1,1]. See Handbook/Unit for relevant sketch.

W, = mgi W, = 2mgi H, = -k(x - l))i

H,
H3
. H2 = +2K(y - x - 2l;)i and H; = -H,
@’ Staticso:0=W,+W,+H; +H, + H; =W, + W, + H,
W H, W Giving: 3mg = kx - kl, and so x = 3mg/k + |,.
1 27 Now 0 = W, + H; so: 2mg = 2k(y - x - 2I,) and so y = 4mg/k + 3|,

Q9 Conservation of momentum: m,ui + m,0 = m,v,i + m,v,i (because all in same direction is
effectively one dimensional). Using Newton’s Law of restitution we know that e = 1 (elastic),
SO V,i - v4i =-e(0 - ui) and so v, - v, = u. Hence: m,u = m,v, + m,(u + v,) which on rearranging
gives v, = u(m, - m,)/(m,+m,). (Can do this using Conservation of momentum and equating
K.E. before and after but is not as straight forward.)

Q10 i Linear momentum, p =mf = -mwsin(wt)i + mwcos(wt)j.
Angular momentum | = r X p = mwi - mwcos(wt)j - mwsin(wt)k
ii Ext force, F = p = -mw?cos(wt)j - mw?sin(wt)k

iii Fortorque lawto be truel’=T"=rx F

This is true since they both = mw?2sin(wt)j -mw?cos(wt)k

Q11 f, =4x-4y-4; f =-4x-6y + 4

The 2 simultaneous equations 4x - 4y - 4 = 0 and -4x - 6y + 4 = 0 have one solution of x = 1
and y = 0. So the point (1,0) is a stationary point. A=f,=4; C=1, =-6; B=f,=-4
AC - B2at (1,0) =-24 - 16 = -40 < 0 hence stationary point is a Saddle Point.

f(

f(x, + V2h, Y, + V2hF, )
f(x, + V2h, Y, + V2hF
f(

=1(0.05, 1.1)=2.15
0)= (
X, +h, Y, +hF30) f(0.

0.05, 2.1575) = 2.1575
,1.21575) = 2.31575

A e



Y, = Yo+ h(F, o+ 2F, 0+ 2F, o + F, )6 = 1.216 10 3 d.p.
ii Order of local truncations error is O(h®) i.e. is of the order of h®> = 10

Q13 i ii Coefficients of the cosine terms will be zero because the

® ° function is an odd function and with odd functions it is the

° sine functions that are used to approximate them, the cosine
functions being essentially redundant.

@ L 2

o—©O

ili The first non-zero term jn the Fourier series for an odd function is B,. This function has
period =2. So: - 4/ 5f(z)sm(ﬂ)dt = 2 (sinGndr
tJo T 0

B,

2folsin(nt)d = %[—cos(nt)]g = %(—cos(n)—(—cosO)) = %(2) =

als

. 4 .
First non zero term = —sin(mr)
T

Q14 Upper x limit is when x = 2x - x? which is only when x = 1

A = flfyzxxz(xz)dydx = flxz(Zx - x? —x)dx = fl()c3 —x4)dx - L
0 Jy=x 0 0

20



Part 2

Q15 i Characteristic equations is: A2 + 24 + 10 = 0 which has solutions -1 * 3i and so
homogeneous solution is: x = e*(C cos3t + D sin 3t)

Let: xp = acosQt + bsinQt; then: x’ = -aQsinQt + bQcosQt; and: x” = -aQ2cosQt - bQ2sinOt
Substituting and equating coefficients of cosQt and sinQt gives the following simultaneous
equations: 1 -2bQ + a(Q?2-10) =0and b(Q?-10) +2aQ =0  ‘Simplifying’ gives:

2 _
a- - (Q°-10) and b - 2Q

407 + (Q? - 10)? 407 + (Q? - 10)?

(10 - Q%)cosQt + 2QsinQt

407 + (Q* - 10)*
ii Transient part of solution is: e'(C cos3t + D sin 3t) because as t - « this term - 0. The
remaining part is the steady state solution. Now from Handbook page 33 the solution of the
form Pcoswt + Qsinwt can also be written as Rcos(wt + ¢) where R = V(P2 + Q2) and where
R is the amplitude. So the amplitude of the steady state solution is:

JaZ b7 - J (-(@*-10)° | 402 ) \l (Q2 - 10)* + 40

(4Q% + (2 - 102?  (4Q%+(Q2 - 1017  \ (4Q* +(Q? - 10

So the general solution becomes: x = e (Ccos3t + Dsin3r) +

So : Amplitude ! = 1 as required.
JAQ2 +(Q2 - 10> (10 - Q) + 40°

iii f'(Q) = 4Q(Q2 - 8). Minimum at f'(Q) = 0. This has solutions: Q = 0 or -2V 2 or +2V 2. The only
positive on is 2/ 2. From the given original equation we can deduce thatm =1;r=2;k =10
and from the general solution we know that w = 3. Using B = V(1 - 2a2) we can deduce that
for resonance to occur the Q = 6//'5 =~ 2.68. The actual value of Q we are dealing with = 2v/2
which ~2.83 (which is close to 2.68) so near this of value 2/ 2 we would get resonance.

Q16 i X =i
N =N|j
F=-|F|i
[F| =[N

W = |W/|sinai - |W|cosaj = mg sinai - mg coscj
Since there is motion we have: N + F, + F, + W = mX
Resolving in j-direction: |N| = mg cosa. So |F| = pmg cosa

Since we have motion then by Newton’s Second Law, resolving in i-direction gives:
mXi = mg sinai - |F|i = mg sinai - pmg cosa. So: X = a = gsina - pgcosa  (as required)

i ¥ = vﬂ = gsino - pgcosa = fvdv = gf(sina - upcosa)dx = Y- xg(sina - pcosa) + C
dx 2

Initially v;/hen x=0,v=0andso C =0. So:

V? = gx(sino - pcosa) = v? = 2gx(sino - pcosa) = v = y/2gx(sina - pcos o)

iv E = KE + U(x). U(x) is the potential energy due to gravity from datum at O and so is -
mgxsina. It is negative because m is moving below the datum and is xsine because grav. PE
is a function of the vertical height above or below the datum. KE = amv2.

So E = 2mv? - mgxsina as required.



Using the expression for v found in part iii above we get:

v = y2gx(sina - ucosa) = E = %2gx(sina —MCcosQ) -~ mgxsino. = —-mgXx U cosa

This is a linear equation with respect to x, the position, with negative gradient and so as x

increases, E will decrease, so E is a decreasing function of position.

kA(O -0
Q17i a QZM so 0O tr_el:ié
b wate A k
Owater
N froom b q = hr))mA<el - eroom) $0 el - er))m - QL
. . A hr()()m
81
ii Adding the two right hand equations gives:
-1
0, uer — 6 _af 1 b So:q=AU(6mr—6r n) where: U = 1 .5
water room A l’lmom wate oor hr()()m k

This is for one wall and so with all 4 walls the equation becomes: q = 4AU(0,,.er - 0,00m)

kAW, — 65) b
if a g=—ar 3 g9 -9, =912
q b water 3 Ak
Owater 8room b ¢ - hCA(93 _ 92) s0 0, -6, = g1
Ah,
84 03 62 61 c :kA(ez_el) 00 -0 -4b
q 2 Y
b Ak
d qg 1
=h_ A, -0 so 0, -6 = L—
q room ( 1 room) 1 room A hmom
iv Adding the right hand equations gives:
i S So: ¢ = AU, ~ 9,,,,) Where: U = L .2,
water room A hmom k hc water room room k
So for 4 walls : g = 4AU(9wmer - Omom)

V 0,0 = 25°C; 0,,,,=19°C; A = 0.4m2; b = 0.007m; k = 0.02Wm’'K; h, = 1.75Wm?K""

Proom = 150Wm?K™; r = 1.5 x 10-8 £J™' (cost of electricity); t = 1 year =3 x 10" s

1 -1
h_c]

Cost of running single glazed tank is the cost of g x t J over the year. Substituting gives:

1 bl 1 0.007
-+

4A

q

150  0.02

room

gxt = 26.92x3x10” = 807.48MJ
Exr = 807.48x10%°%1.5x10 & = £12.11

Energy in year = E
So cost = C

1 -1
+ E] Orater = Oroom) = 4x0.4( —) X6 = 26.92W

So the cost of heating the tank for a year with the single walled tank is £12.11 per year.

vi The difference in cost between running the single and double glazed is 12.11 - 3.40 =
£8.71. The cost of conversion is £100 so the number of years to recover the cost is 100/8.71

= 11.48 years. (Just under 11 years 6 months.)
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Solving gives A = 2 and 5 with corresponding eigenvectors [1 1]" and [2 3]" So first part of

solution is:
x{ 1 o 2l 5,
y} i a[l ‘ +BH€
Now let: [
= le’" = -pe’ = -4pe' +6e® -3¢ = —ge' = -Ope+ge! +3e"!
v, 14
So:p=3and g = 2 o
So general solution is: Initially t =0, x =0, y = 0 So: 0 _ o i B i] " H
i = o ﬂe” +B ﬂeﬁ + Ble" a+2B=-3anda +3p=-2Gives:a=-5and p =1
i i '-x__52[25t3—t
So particular solution is: W Me Hlale” _2_e
Q 19 If solution is of the form: u(x,t) = X(x)T(t) then:
S X"WT@0)  and 2 = XOT'()
ox
17 _ Iy o X'wro _ xwr'eo _ x" _ 1’
X (X)T(t) - X(X)T (t) X(x)T(t) Xx)T(t) X T
The only way this can be satisfied for all x and t is if both sides equal the same constant, let
us call it p. So Xy”:LT’:“ SOX//I}.IX:X//—MX:O

Since u(x,t) = X(x)T(t) then u(0,t) = X(0)T(t) = 0 and the only way this can be true for all t is
if X(0) = 0. Also u(1,t) = X(1)T(t) = 0 and once again the only way this can be true for all t is
if X(1) = 0.

ii If o = 0 then the solution is X(x) = cx + d. (integrate twice). Using the boundary condition
X(0)=0=dandsod=0.Also X(1) =c =0 and so ¢ = 0 and so the only solution is X(x) =0
iii If X(x) = Ae™ + Be™ then X(0) =0 =A + B and so A =-B. Also X(1) = Ae* -Ae™ = 0 and the
only way this can be so is if A = 0 and so the solution is X(x) = 0.

iv So p < 0 and so the solution must be of the form X(x) = Acos(Ax) + Bsin(Ax). Using the
boundary condition: X(0) = Acos(0) + Bsin(0) = 0 and so A = 0. X(1) = Bsin(A) = 0. The only
way this can be true, excluding the trivial solution of B = 0, is of sinA = 0 and this is only true
when A = rx with r =1, 2, ... (if can also be -1, -2, but this is absorbed into B).

Hence: X(x) = Bsin(rnx) such thatr=1,2, ...andsop=r*=-1,-4,-9, ... since p < 0

v From part i we have that: T' = uT, but g < 0 and so T’ + A°T = 0 and this has the solution:
T(t)=Ce™'=Ce™ withr=1,2, ...

Since the solution of the partial differential equation is u(x,t) = X(x)T(t) = De™ 'sin(rnx) then
as t increases the solution will oscillate with decreasing amplitude towards zero.

vi The family of solutions will be:

u(x,y) = ZDrsin(mx)e it
r=1

so u(x,0) = Y, D sin(rnx)e® = Y D sin(rn)
r=1 r=1



Q20i

F,o= 29+ 1) 0= 2(x+1) 2t =2z
dy oz
oF. oF.

F, = x(x+a) a_xz = 2x+a a—; =0

Fy=2z  =2zva -0
ox ady

curl F = (a-2)k
ii If F is conservative thencurlF=0andso o =2

iii Since field is conservative it does not matter which path you take from (0,0,0) to (a,b,c) and
so if we let x = at, y = bt and z = ct then as t goes form 0 to 1 we move from (0,0,0) to (a,b,c).
Hence r(t) = ati + btj + ctk and so ¥(t) = ai + bj + ck

F(r) = t(2abt + 2b + c*)i + at(at + 2)j + 2act’k f F-dr = f 'Fr)-#(t)dt = 2ab + a(ab + c?)
C 0

v Argument as per paper 2002 Q 20 part iv. If you do the maths correctly you do indeed show
that F = -grad U



