MS221 — 2007 Solutions

Oon.l (a)u,=19
(b) Solve 3r*- 8r -3=0, i.e. (3r+1)(r-3)=0
to give r=3 and r = -1/3 as roots.
General solution is
u, = AGB")+B(—1)"
Useugand uy : A+ B =11
3A-1/3B=3
Solution is A =2, B=9, so closed form is
u, =2(3")+9(-4" (n=0,1,2,.)

Qn.2 (a) eqgn. is LZ+L2=1, ellipse.
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(b) (i) e*=1-9/25=16/25, so e=4/5.
(if) Foci (£4,0) (iii) directrices X:iz%.

ON3 (@ g 3 corp 2.
sin \/E cosé NiE]

(b) c0520:—%3 sin 29:1%3

(C)(x y)'_)[—5x+12y 12x+5yj
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Qn4
(a) ABC, ABD, ABE, ACD, ACE, ADE
(b) 1140 (c) -18677760

On5 () y=4x (k=3), y =-1x (k=1/2)
(b) (iii) is OK.
(i) has plots on alternate sides of the origin
although 3 > 0.
(ii) plots are not increasing threefold between
X1 and X, .
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(B) (foh)(x)= (4 2] X+ (6)
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Qn7  (a) 2xarccosx — X -1
1-x?

=2Xarccosx + v1— x>

(b) 3e**cosec? ()
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Qn8 (@) X jnox -2 4c
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(B) ex — Tex+ o+ 2 X
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-xe* = _X_XZ_X:_XL
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na-x)= x4+ X X
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g(x) =1+ x+ %
(c) 1 +0.2-0.0002 =1.200 to 4 sig. figs.
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0n.10 (a) z>-4z+8
(b) -5 since last factor must be (z+5) to make
constant term 40.

(c) <242, (7%) >

0Qn.11 (a) (i) yes (3 divides digit sum)

(ii) no because last two digits 14 are not
divisible by 4.

(b) 3 (in mod 30 arithmetic 27=-3,
27%=9, 27°= -27=3, 27'=81= -9, 27°=81= -9,
27"=(-9)(3)= -27=3).

Qn.12 (a) (i) false, example=any odd multiple
of 10. (i) true

(b) d(n)= (a(n) Ab(n)) example=any odd
multiple of 20.

(€) c(n)Ad(n)

Qn.13 Use p. 49 in Handbook throughout gn.
(a) Asymptotes are y:t43x .

(b) sketch should show vertices at (3,0) and
(-3,0).

© - 1arctar( 5013 J =z
2 39-(-11)) 6

A= 39@ N 50@@( ? j ) 1{ L J =256/4

C'= 39&] —50@@)(*2@] _ 11[ % j =-144/4
F’=-576

so L is 64x? - 36y* - 576 = 0 which is
equivalent to K on division by 576.

(d) sketch should show L identical to K but
with its axes rotated anticlockwise by % .

Axes of symmetry are y=+ix .L’s
V3

asymptotes should be close to the x and y axes.
(Note : This can be confirmed by showing that the
aymptotes have gradients

= arctan (8.300) approx, and
L7
arctan{ A }/ \/5
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arctan{é}f/§
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S0 eqns. are approx y=8.3x and y =-0.254x )
(€) r,(K) is 39x* —50~/3xy —11y? =576
because reversing the sign of B only also
reverses the sign of cosv so that Bsinucosv is

unchanged and also none of A’ , C’ or F’ are
changed.

= arctan (-0.254) approx




0Qn.14 (a) Solve x*— 6x + 7 = 0; fixed points
are 3++/2 (approx. 4.414 and 1.586)

(b) /’=2x — 5 modulus>1 in both cases, so
both fixed points are repelling.

(c) f(1) =3, f(3) =1, hence (1,3) is a 2-cycle.
(d) /(1) =-3 1(3) =1 |product>1 so 2-cycle
is repelling..

(e) f(2) =1 so 2-cycle entered immediately.

(f) graph should show downward pointing
parabola, with y-intercept = 7.

(9) (2,0)->(2,1)->(1,1), and the (1,3) 2-cycle is
entered.
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0On.15 (a) f'(x):_ae

X2
(b) Apply Quotient Rule, derivative is
alx
2,— A€ alx
X X2 )-2xe (a+2x)e*’”
N == N

(c) From (a)
alx alx
I(e ? jdx:_e
X a
ea/x ealx 1 e% e%
dx= —dx=-—-
J'x3 -[[ X ]x ax -[ax2

e o 1[1 1)y
=—~ 4= 4c ==|=-ZlH+c

ax a’ ala x
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(d) substitute u=1/x so du=-dx/x°.
Area=
_E—e“du = |” E =e’—e
=4.671 (to 4 sig figs)

2/x

(e) volume :”Lerx
2 X

Again substitute u=1/x so du=-dx/x>
Integral =

ﬂfuzezudu
Integrate by parts twice :
fuzez“du = que2u f - fuezudu
fuez“du = Juer -1 fez“du
sfemau= fe D= get e
fueu=(2e* - 1%) - (e" ~2e") + (3o -

so volume=rz(lie* —1e?)

4

=208.6 (to 4 sig figs)
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(Note : the above is an ‘otherwise’ solution. To
follow the alternative route, integrate the result
of part (b) to give :

g/ (2+2x)e% e/x
[XZ j: _TdX:—ZJ‘XTdX—ZI

%
e

e dx
and from (c)

evaluated between the limits 0.5 and 1 which =
(2e* —2e*) - (e*-1e?)

so volume=r(1ie* —1e?)=208.6 to 4 sig

figs as before.)

0Qn.16 (a)
|1 i -1 -i

111 i -1 -1

ijp i1 -1 -i 1
-11-1 -1 1 i
-il-1 1 i-1

(cf. also soln. 3.1 on D3 p.59)

(b) inverses are

17°=1, i
(1) "=-1, (-1)
(c) B — neither 2 nor 4 have inverses.
(d) C - has 4 self inverse elements

(e) (i) and (ii) answers can be either

l6 8 4 2
616 8 4 2
818 4 2 6
414 2 6 8
2 12 6 8 4

with isomorphism
(0(1)=6, o(i)=8, w(-1)=4, o(-i)=2)
or

oy 00 s NN
N oy 00 B[
SN oy O

with isomorphism is
(0(1)=6, w(i)=2, o(-1)=4, o(-i)=8)



