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Part |
Question 1
+ip/6 _ ip/6 _ f -1 ;
@ eHiP/6 = axglP/ —e(cos%+|sn%)—§e(\/§+|)
1 1 1 i
(b) = = i =1lgp =1
(1_ i)4 (zl/ze'ip/4)4 22 4ip/4 4 4
(©) Logi = loggli| +i Argi :0+i%p :%ip
@ i) = (eip/Zj/p _ dlip/2bip) o gv2 2 1
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Question 2
@ e
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(b)
Set | (i) open |(ii) aregion (iii) closed | (iv) compact
A True True (basic region) False False
B False False (not open) True False (not bounded)
A-B | True False (not connected | False False
Question 3

(8  ByHB23p.13g(t)=(1- t)a+it=1+(- 1+i)t, (tT [01])

(b) Let z=1+(- 1+i)t O %zi- 1

Now, ¢geztz = - ) %ot = fu- ) - 1 = l6- k- 262 =1( 149)
(© fiscontinuouson G. G haslength V2.

|cosh7 =3 E%g'ez g:E(eX+e'X)£%(e+e'l), (z1 ¢
4- |72 3p |1 £ Lle+e!)
Therefore by the Estimation Theorem
Q—COSh(ReZ) dz‘ £ %(e+ e 1)><\/§ = %(e+ e 1)

4+ 72

e?+e’

+‘e’Z

‘4+ gk

Question 4
€)] Cauchy’s Residue Theorem:

Let R= {z : |z| < 1.]} then Ris a simply-connected region. f isanalytic on R except for apoleat 0. Cisa
simple-closed contour in R, not passing through 0. So by Cauchy’ s Residue Theorem

1 . &l 0
A\— dz = 2pi Res¢—,0+=0
Qz3 %323 o
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(b) Cauchy’s nth Derivative Formula, with n = 2,
Let R={z:|4 <1.1} then Risasimply-connected region. C isasimple-closed contour in R,
f(z) = cos(z- p) isanalyticon R. Oisinside C and f is 2 times differentiable at O.
S0, by Cauchy’ s nth Derivative Formula, withn =2

f€0)=- cos(z- p),_, =~ cosp = 1_p_QCOS(Z p)dzb QCOS(Z p)dz:pi

z z
(© Cauchy’s Theorem:
Let R:{z:|z| <1.]} then R is asimply-connected region, then (0_52)3 isanalytice on R. Cisaclosed
Z-p
contour in R. So by Cauchy’s Theorem Q cosz dz=0
(z-p)?
Question 5
2
@) f(2) = —-2 1+1 fhassimple polesat 0, - L and -2 (by HB 1.3 (b) p.27).
22(2+§iz+2)
By the Cover-up Rule: Res(f,0) = 1 g,
' ’ 2(0+%R0+2) 2’
[ 1f+1 5/4 (- 2P +1 5
R y ) =- §; R f,_2 = \ = =5
ﬁ( ) 2 1) 3 ) -32 6 {f-2) 2(- 2 2+1) 122 6

(b) SeeHBZ.Zp.ZS.Let z=€'p cost:%(z+z'1), %:i,sothat
Z 1Z

Z+Z z+7' 1 1 dr=-i 7% +1 47 =
\15+2Iz+z ) \110+4z+z1 iz Q\—lzzlzz +5z+2)

-ia 22 +1 =i sopil- 5)=.1
29-122z+1 )z+2) = 2>Qpl(2 6) P

Question 6
@ When |z| =2, thedominant term is gl(z) =23, thenfand g, areanayticon the simply-connected

region R :{z |14 < 2.]} , {z: |4= 2} forms a simple-close contour in Rand

|z- 3£]|4+3£5<8=|g(z), (21 {z:|z| =2}).

Hence by Rouché' s Theorem f has 3 zero'sinside {z |14 < 2}

When |z| =1, thedominant termis gz(z) =z, then g, isaso anaytic on the simply-connected region
R, {z:|4 =1} forms asimple-close contour in Rand

13- 4= |1e <3 |aafa) (7{z |4=1)

Hence by Rouché's Theorem hasno zero’sin {z 1 }
Sof has3 zero'sin {z 1£]4 < 2}
(b) has exactly 3 zeros by the Fundamental Theorem of Algebra, and since f reasing on p

f(1)=-1f(2)=6, sothereis onereal solution. The other two solutions form a conjugate pair, so there
is exactly one solution on {z: Imz> 0}.
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Question 7
@ giscontinuouson ( and ﬁ(z) =-iz isanayticon ( ,soby HB 1.14 p.38 g represents amodel fluid

flowon ( .

_= —_1:2 PR

() V\ﬁ(z) = q(z) P V\,(z) = - 5iz%, The stream function is

ImW(z) = Im(— %izz): Im(— %i(xz- 2ixy - yz»:%(y2 - xz): k wherek isaconstant in p .

The streamline through 1 is %(y2 - x2)= - %12 U y=+Jx?>-1, x>0

The streamline through i is %(y2 - xz): %12 0 y=+/x?+1 (The positive branch)

q(l):i; q(i):ix(- i):l. See for the streamlines the following graph:

s
B 1 N
-2 0 2
P

(© gislocaly flux an circulation free, or C g = F g = 0 for any simple-closed curve G about 0. So O is

neither a vortex not a source.
Question 8
€] ByHB 21p. 41 7,4 = zﬁ +2z,+1P a=1b=2,c=1isconjucateto

Wheq = W2 +1, since 14+10- %>Q2 =1

where n=012,...

The conjugating function isthen h(z) = z+1, sowithwg = zg +1=-1+1=0, asrequired.
(b) Weneedtosolve 22 +1=2z0 Z%- z+1=00 Z:%i%\@i.

Now |Fit%i%\/§il = 2|% +%\/§i| =2 >1, so both fixed points are repelling. (HB 1.5 p.41)

N 1 T
(© According to HB 4.6 (c) p. 42 M meetstherea axisin the interval [ 2,1] , since 11 g- 2, —gb 1M
4

So Kj is not connected, and so by the Fatou-Julia Theorem 01 K;,so 01 Eg, that is
P'(0)® ¥ asn® ¥, seeHB 2.4 p.4L.
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Part |1
Question 9
(@ f(z)=sin2 = sin(x- iy) [Use double angle formula to expand sin(x— iy)]
sin(x- iy) = sinxcosiy - cosxsiniy [Use cosiy = coshy, siniy =isinhy]

(b) (i)
(b) (i)

\ f (z) =sinxcoshy- icosxsinhy = u+iv [Now we have to use Theorem 2.2 A4]
%zcosxcoshy, ﬂzsinxsinhy, ﬂ=sinxsinhy, ﬂ=—cosxcoshy
dx dy dx dy

all derivatives exist and are continuous.

[The point isto see that the C-R equations are not generally satisfied except at certain points.]

We see that du, ﬂandﬂ , A , except when
dx dy dx dy

cosxcoshy = - cosxcoshy U cosx=- cog{x)p x=#2 +® +2

[Notethat coshy ! 0 thisiswhy we can cancel it on both sides]

and

sinxsinhy =-sinxsinhy P sinhy=-sinhypb sinhy=0pP y=0

since sinx ! 0, dueto the restriction of the values of x from the first C-R equation.

Sofisdifferentieble at the points z = (n+1p,ni z

g(z) =22p g((z): 2z, s0 gisconformal exceptwhen 2z=0pb z=0, sogisconformal at i.
[Be guided by what is being asked. Just find values of t which give value of i.]

it _ - . _ .

e =cost+isnt=ib t=5p gl(%)—l

t-1+it=ib t=1P go(1) =i
[eit isalwaysacircle and anything LINEAR intisastraight line. ]
Wehavefor g,: x=t-1, y=tbP x=y-1U y=x+1
[Straight line Sope 45° cutting y-axis at 1]

0, istheunit circle.

(b) (i) Wehve g(z)=2*P gfi)=i? = - 1and|g¢i) =|2| = 2and Arg(g{i)) = 2

1 So centrei mapped to -1
2 Lengths scaled by afactor 2
3 Rotated through % anti-clockwise

AN
1\\/‘ 1
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Question 10

@

(b) (i)

(b) (i)

(©

Removable singularity at z=0, because lim 28nz 3 =lim Nz Sm03 =0,by HB3.1
2®02(z- 2) z®0(z 28 (0-2)

(D)U (A) p.28, since f hasasingularity at 0.

0B . .
Pole of order 2at z=2, because |im (Z 2) @3“ = lim Snz snz, Oand existsand f hasa
®2 z(z- 2) ®2 Z 2

singularity at 2 by HB 3. (B)U (A) p.28. No other singularities.

[The question said write down s | think you should use the standard series and substitute x = l]
z

3 X5 X2n+1
Wehave sinx = x- —+——+..+(- ' —
3 5 (2n+1)
. 1 1 (-2"
<o nl:___+_ ...+—,0n( -10
2T 38 8 (2n+1) 22" o)

Annulus of convergence {z:0< |7 < r} foranyr.
[Here we need the coefficient of the1 -term]
z

Res(zssinl): -1
z 7

So using the Residue Theorem (or Cauchy’s Theorem)
Qz sin<dz = 2pi Res(z sint 0) 2p|

[Thisis probably intended to be done usi ng the Compoistion Rule, see HB p. 25 and 26]

2 Z4

cosz=1- —+—+--
2 4

2 3 4
X° x° X
Log(l- x)=-x- —- - 2.
g( ) 2 3 4
&)1
s 2 4 6 o) o 2 4 6 60
Log@l—Z—+Z—-Z—|+--:=Log§1-gez—-z—+z_|- =
8 2 4 46 p 8 82 4 o
& A L 0w A A @2 &2 A P f.j3
=_-C—__ Z . ..:_%Q___+__ :_%(}___+__...:_
€2 4 & ;22 a4 68 ; 3%2 a4 8 3
[Only need to keep terms up to z]
2 0 . o
:_Z_ 24&1__1 1 - 26 _£+1>Qxi_lxi—_
N TR T

nz
Now —Log(cosz) =-——=-tanz
z
_d(121416)(132 )
So tanz—Eiz FZ tEZ ZH3 T+ 5T+

[I find getting all the numbers right difficult. | hate people who think mathematicsis just hard long
divisions. However this result equals the standard seriesfor tanz]
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Question 11
@ Thisistrue since integrand is odd. Using HB 3.4 p. 25 we can show this
t(-1)= # =1 =~ 1(t) and by HB 3.5 p.29 the required resuit follows.
-t)7 -1 t7-
(b) Theintegrand is even. So,
\¥ 1 1 \¥

t*-1=0b t=+lort =+i,sothe integrand has 4 simple poles at those points, so the conditions of
HB 3.8 p.29 are satisfied [ Theorem 3.3 C1], and so

¥
0¥ E(j—)dt = 2piS+piT [drawing a sketch of the poles and the contour might help)
-1

Using thef/ h Rule gives

So,

¥ 1 }
1 — 9wl =_ 1
Bl t4—_1dt—2p|x§—-zp

(© Theintegrand satisfies the condition of HB 1.4 p. 33: the order of the denominato exceeds that of the
numerator by more than 2 and the poles on the non-negative axis are simple (see part (b)). So,
¥ t¥2

\

Q mdt =-pe pi/acoﬁ(%)s_ P cot(%)XT = -pe Pi/a g D 50T
S =Res(fy,- 1)+ Res(fy,i)+ Res(fy,-i) T = Res(f,,1)

fy=——exiLog, (2} 12 =——enfiLog()

B exp(%LogaO (z))| _ g0tip/2

Res(fy,- 1) = @ | =1
-1
L explilogy (2)| g0HiP/4 (/4
Res(fy,i) = (2423210 )%ze_m :'e4
i
Res(f, 1) = exp(% Logy, (z))| P/ _ id®/4

3 - 3 4
4z ‘—i 4( |)
Theresidue at 1 is not needed, since cot(%): 0. Sotheresultis
y ¥2 : e PI/2 . .
Qg = peP2xg=TPET ([ yigb/t i d®/4)
t*-1 4

-p(- ')IZ( 1+cosE +isin® - cos®-- isin%)z%(- 1+ Zcos%)z— %@- \/E)
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Question 12
@ Thisisthe standard triple (HB 2.11 p.36) with a =i,b =¥,g =-i . Hence

. (z- i) +i) _ z- i
fi(z)=F— N =T
(z+|)(¥ - |) Z+i
Y ou can also argue as follows
We havei mapsto 0, so numerator must contain z- i .
Alsoi goesto ¥ , so denominator must contaion z+i

So the transformation is k-2 .
Z+1

Since ¥ goest to 1 thismeans k =1. Thetransformation is Q
Z+1

(b) (i) N
\\\ 5 4 //'

N 7
c
-

N\
N
7)
2N
v N
7 AN
v N
v \

v \
N

ol
2+=v2  |z-1=42 4

(b) (ii) Generalised circles map to generalised circles. i ismapped ot 0 and —i to ¥ , so the arcs of thecircles
between those points are mapped to half lines from zero. Now we can use the three point trick to find
the areato which R is mapped to.

We can now apply the three point trick [OUSA and Paul used +1¥F V2, but that gets too messy for me

and you don’t have to restrict yourself to the boundaries in cases like this]:

Points on the left circle

-2-1® 2 I__+|, = _2_22' =1+i; i® 0, -i® ¥ ,withthedomain and image at the right side.
- - | | -

So the arc between i and - is mapped to the line {z tArgo, (z) = %} , with the image at the right.

Points on theright circle

2_ '+' :%:1- i; i® 0, -i® ¥ ,withthedomain and image at the left side.
-0+

So the arc between i and —i is mapped to the line {Z:Argzp z :%},with the image at the |eft.

2-i®

And so R is mapped to {z:—3'211<ArgaO z<%}= S
[Sketching the points and line segments might make it easier, I'm

to lazy right know, drawing them on the computer] Ray meets tangent
Here is another, using conformality. p a@rightangles
Generalised circles map to generalised circles. i is mapped to 0 N 2

and - to ¥ , so the arcs of the circles between those points are 4
mapped to half lines from zero to infinity.

M 6bius transformations are conformal and one-one: angles
between meeting lines are conserved. We know that the arcs of
the right and left circles are mapped to half lines, and so will the .
parts of any generalised circle between i and —i!. Hence the _

imaginary axis between these points will also be mapped to a half |z+:lj—\/§ |Z']l=\/§
line between zero and ¥ . Now, theright circle and the left

circlemeet at i at and angle of % , and also the imaginary axis, cutting the N
anglein half. Now, i is mapped to 0 and the angles are preserved. A point s

on the imaginary axis 0 ® —I = -1, so theimaginary axis between i and
i

— is mapped to the negative real axis and the angles beteween the half
lines are % , and so Ris mapped to the area between the half lines, which ¢

is{z:%<ArgaO z<%}:s
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(b) (iii) Herewe need amap from S to T since we have on from Rto Salraedy.
To get from Sto T we need to double all the angles. We know squaring does this.
On Sthisis one-one (the area Sin the sector has an angle lessthan p , and conformal since 01 S. Now
f can be composed:
.2
° ° xZ-i0
flz)=\f1lz)] =c——=
@=(i@f - E5°
(b) (iv) SeeHB 4.5p.37, example 2

A map from the half plane T to the open unit discis W—+1 So amap from R to open disc would be
w




